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Space charge is a fundamental limitation in 
accelerators and is in practice the process 
which determines the intensity in present con­
ventional synchrotrons. For AG or strong fo­
cusing synchrotrons which are taking place of 
conventional ones for high energies, there must 
also be a similar space charge limitation, 
though it has not yet been experienced. For 
the design of new machines a formula has been 
computed which is based on the change in 
betatron frequency due to space charge forces 
and the condition that the v number should 
not cross any integral or half integral reso­
nance [1]. 
In fact, as shown by Morin [2], resonances 
induced by field errors do not occur on the 
modified v integers, since space charge forces 
are dependent of beam position and do not 
affect the middle of it. So that field error resonan­
ces always occur in the same place whether 
space charge is large or negligible. Gradient 
error resonances on the contrary are sensitive 
to space charge which modifies the external 
focusing forces. But one knows from the expe­
rience in CERN and Brookhaven that this 
type of resonance is not so dangerous as the 
other one and that it is possible to cross it. 
We intend to show here an effect which 
might even help in crossing these resonances 
and remove very far the true space charge limit 
in AG synchrotrons. Space charge forces depend 
on the transverse dimensions of the beam. If 
the beam injected into the synchrotron is 
matched to the focusing pattern, its transverse 
dimensions are nearly constant (neglecting 
the wriggling factor of the AG focusing) and 
space charge forces are also nearly constant. But 
if it is not matched or if, due to a resonance, 
larger oscillations are induced the beam enve­
lope scallopes in the synchrotron. In this case 
focusing forces vary along the orbit and can 
even alternate. Some kind of periodic focu­
sing is produced. The net result is an increase 
in overall focusing effect, which reduces the 
betatron wavelength and tends to restore v 
in its value v0 without space charge. Such a phenomenon is obviously to help removing 
space charge limit as computed with a per­
fectly matched beam. 
2. EQUATION OF THE ENVELOPE 
In our computation we shall use a similar 
line to the one described by Kapchinsky and 
Vladimirsky [3] in their general treatment of 
focusing in linear accelerators. Nevertheless we 
shall neglect the fine mesh of AG focusing and 
assume for sake of simplicity that the beam has 
a rotational symmetry. We shall also assume 
a uniform density distribution. These assum­
ptions are of course not fulfilled but they do 
not modify the physical properties which will 
be studied, even if numerical values can be 
changed. Let y be one of the transverse coor­
dinates; the equation of motion can be written, 
assuming a uniform distribution of the density 
inside the beam 
+ v20y — B [y - y0()] = 0, (1) r20 
where the derivative is relative to the azimuth 
θ, v is the number of betatron wavelength per 
turn, r0 is the radius of the beam and y0 is the coordinate of the centre of the beam. Since 
we are only interested in gradient effects, we 
shall assume that y0 ≡ 0. Eventually 
B = e
2N bR , (2) 4π2ε0m0c2β2γ3 
where e and m0 are the charge and the mass of the accelerated particles, N is the total number 
of these particles in the synchrotron of radius 
R, b is the bunching factor (larger than 1), 
ε0, β and γ have the usual significance, and no neutralization nor image effect is considered. 
In order to estimate re, we shall assume that the emittance E of the beam injected 
into the synchrotron is an ellipse; and we 
shall consider two independent orbits corres­
ponding to two conjugate points on the ellipse 
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E : y1 and y2. In this case, one has 
r2e = y21 + y22 (3) 
With such an expression equation (1) is 
not easy to handle. We shall then make the 
usual transformation: 
y = sin ψ, (4) 
with 
ψ' = 1 . (5) 
And we shall consider the two orbits 
{ y1 = C1 sin ψ 
y2 = C2 cos ψ, (6) 
which correspond to two conjugate points of 
the ellipse E whose area devided by π is 
E = C1C2/R. (7) 
One gets the equation 
— 
1 + v20 -
- B = 0. (8) 
[ C21 + C22 - C21- C22 cos 2ψ] 2 2 
where the derivative is relative to ψ and 
δ = B , (11) v0ER 
τ = C1 — C2 . (12) C1 + C2 
There exists one obvious particular solution 
of this equation: 
υ2 = 
1 + τ2—2τ cos 2ψ [ δ + √1 + δ2 ], (13) 1 — τ2 2 4 
but the general solution which depends on two 
independent coefficients cannot be expressed 
in any simple form. Numerical solutions can 
easily be computed. Fig. 1 shows an example 
of the variation of υ and (from. Eq. 5) as 
a function of ψ. 
3. DISCUSSION OF THE ENVELOPE 
EQUATION 
Looking at Fig. 1 one notices that the solu­
tion v is not a periodic function of ψ with 
the period 2π. The only solution exhibiting 
exactly this periodicity is (13). Since it is the 
Fig. 1. 
We shall now use the new variable ψ ins­
tead ol and normalize by putting 
1 = √v0. (9) υ 
One gets the equation 
υυ"ψ2 + υ2 — 1 = — δ 1— τ
2 
, (10) υ2 1+τ 2—2τ cos 2ψ 
envelope we are interested in, we must com­
pute the expression 
1 √C21 sin2 ψ + C22 cos2 ψ = √v0υ 
= √ ER 1 √ 1 + τ2 — 2τ cos 2ψ , (14) v0 υ 1—τ2 
which is shown in dotted lines on Fig. 1. 
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In fact, this envelope itself depends only 
on two independent constants. Now in our 
solution it depends on three: the two constants 
of the solution of υ, and τ. In order to avoid 
repetitions we can take for τ any fixed value, 
for instance 0. In this case Eq. (10) takes the 
simpler form: 
υυ"ψ2 + υ2 — 1 + δ = 0. (15) υ2 
And we can check that with this equation 
and proper initial conditions we find again 
the same solution that has been shown on Fig. 1 
for the envelope. The equation of the envelope 
can even now be written in the following form 
uu"(θ/v0)2 + u2 — 1 -δ = 0, (16) u2 
where 
u = 1 = √v0, (17) υ 
and the derivative is taken relative to the 
normalized azimuth related to ψ by (5). 
4. SOLUTION OF THE ENVELOPE 
EQUATION 
Eq. (16) is the same as the one which describes 
the shape of an electron beam in an axially 
We shall use his results. In order to simpli­
fy the presentation, let us put 
r0 = √ = √B , (18) v0 v0 
and use the new variable 
X = u = re , (19) √δ r0 
where re is the radius of the envelope. The equa­tions can be written now 
xx"(/v0)2 + x2 - 1 - 1 + 0, (20) δ2x2 
and 
dψ = v0d . (21) δx2 
For any given current or total number of 
particles N, that is to say for a given B, r0 is the diameter of a cylindrical beam of zero emit-tance. 
Weshall call rmax, the maximum diame­ter of a scalloping beam of finite emittance E; 
one has 
r m a x — r 0 x m a x . (12) 
Let now λe be the wavelength of the envelope of the scalloping beam. For zero space charge, 
δ = 0 the value of λe is 
λ0 = 2πR (23) v
0 
Fig. 2. 
symmetric magnetic field in the general case 
where this magnetic field can extend up to the 
cathode as studied by Wang [5]. 
Fig. 2 shows the variations of λe as a function of rmax with δ as parameter corresponding to different emittances of a beam of the same 
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intensity (fixed Β). It appears that λε is always larger than λ0 as soon as there is space charge; but if the aperture allowed to the beam is 
large enough, λe can be made as close to λ0 as desired whatever the emittance is. 
5. OSCILLATIONS INSIDE THE BEAM 
Let us now look at the orbits inside the beam. 
Their period of oscillation λ corresponds to 
2π in Ψ. In order to get λ we can compute Ψ 
and 
r √ 1 + √ 1 + 1 . (26) r0 2 4 δ2 
But as soon as the beam scallopes ν increases 
and tends to ν0 for an infinite scalloping, even for large δ. However, one may notice that for 
a given rmax, ν is always smaller than for the value of δ which corresponds to a cylindrical 
beam, as could be expected. 
Fig. 3. 
versus from (21); we can also solve simulta­
neously (15) and (16) and compare the varia­
tions of the envelope parameter u = 1/υ as 
function of or Ψ. 
The results are summarized in Fig. 3 which 
shows the variations of 
ν = 2πR (24) λ 
as function of rmax and δ, for a fixed intensity (fixed B). 
For a cylindrical beam 
ν = 1 , (25) ν0 δ + √1 + δ2 2 4 
6. DISCUSSION 
According to the present theory, in order 
to prevent a loss of beam due to space charge, 
one intends to inject beams with very small δ 
such that ν0 — ν is small enough to avoid any resonance between ν0 and ν. In order to achieve that with the minimum acceptance in the 
synchrotron the beam must be matched as we 
have shown in the previous paragraph. In 
this case 
ν0— ν δ ν0. (27) 2 
But let us consider what would happen if 
the injected beam had a smaller emittance, 
and δ a considerably larger value; if the beam 
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is roughly matched, ν would be much lower 
than ν0, but rmax would also be much smaller than in the previous case, as seen from Eq. (26). 
During acceleration, δ decreases as β-1γ-2 
and To as β-1γ-3/2 (neglecting the variation of 
bunching factor b). The decrease in δ will 
increase ν which will soon have to cross a reso­
nance. During this crossing rmax will increase but this process will speed up the crossing and 
limit its noxious influence. Meanwhile r0 decrea­ses leading to a reduction in rmax. 
the accepted current can be. And the real space 
charge limit is probably much higher than 
estimated at present. 
The only barrier which cannot be overcome 
is reached when r, corresponds to the free aper­
ture of the synchrotron; if A is the acceptance 
of the synchrotron, this limit can be expressed 
by the relation 
δ E < 1. (28) A 
Fig. 4. 
One is eventually left with a situation where 
rmax increases slightly at each resonance cros­sing and decreases in between (see Fig. 4, 
curve A); this behaviour is to be compared 
with a continuous and slow reduction in r 
from a large value at injection (see Fig. 4, 
curve B) which corresponds to the present 
theory. If one remembers that it is near injec­
tion that synchrotron oscillations have the 
larger amplitudes, it seems that curve A can 
be much more satisfactory than curve B. 
Of course all these computations are based 
on various assumptions as stated at the begin­
ning; the most serious difference lies in the 
fact that the density is certainly not uniform 
in the beam; synchrotron oscillations also increa­
se the beam size and introduce a mixing between 
the orbits. Nevertheless it is believable that 
the general properties which have been estab­
lished remain qualitatively the same. In par­
ticular, rather than trying to increase the emit-
tance of the injected beam in order to increase 
space charge limit, it seems very probable 
that the smaller the emittance is, the larger 
In comparison with that expression where Ε 
is assumed to be made equal to A, and for 
ν0 — ν = 0.25, Eq. (27) gives 
δ Ε 
≤ 
1 . [(29) A 2ν0 
For high energy synchrotrons where large 
ν0 are to be used there appears to be a much greater space charge limit from (28) than 
from (29). 
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DISCUSSION 
E. D. C o u r a n t 
How are the conditions affected if image forces 
are considered as well as space charge forces? One 
might suppose that, because image forces do not 
depend on the diameter of the beam as space charge 
forces do, the self-compensating feature presented 
by Dr. Smith and Dr. Lapostolle might not operate 
in the presence of image forces, and the allowable 
change in ν might be less. 
P. Lapostolle 
It is certain that image forces change the betatron 
oscillations and modify ν values. But I think that 
the non-linear property which has been described 
still exist. Numerical values would be different but 
the qualitative behaviour should be the same. Howe­
ver this point must be investigated. 
L. S m i t h 
I agree with Dr. Lapostolle. 
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